Abstract. The use of Beer's law to describe the radiation regime in plant canopies is valid for a sufficiently large volume filled densely with phytoelements. This set a limit to the scale at which models, based on Beer's law, can account for structural features of vegetation canopies and provide an adequate prediction of the radiation regime. The aim of our paper is to analyze radiation interaction in vegetation canopies and consequent photosynthetic rates at a scale at which Beer's law loses its validity. We use fractals to simulate the structure of vegetation canopies at this scale. It is shown that both the radiation regime and the photosynthesis depend on the fractal dimension of the plant stand. The development of radiative transfer models in fractal-like media as well as measurements and modeling of fractal characteristics of trees and tree communities are essential for better understanding and scaling of radiative transfer and photosynthetic processes from an individual leaf to the canopy.
Introduction
The structure of vegetation canopies determines the spatial distribution of intercepted incident radiation which drives various physiological and physical processes required for the functioning of plants. In order to quantitatively model this functioning, it is important to understand the interaction of electromagnetic radiation with different types of canopy structural organizations.
Numerous models for describing the radiation regime of vegetation canopies have been developed since the classical model of Monsi and Saeki [1953] , which essentially is BeerBouguer's law applied to plant canopy (hereinafter referred to as Beer's law). A key assumption underlining this law is the following: the number of scattering centers (e.g., leaves) in an elementary volume is proportional to its volume. Given leaf size, orientation, and optical properties of leaves, we can mathematically express the law of energy conservation. From information on the spatial distributi6n of such elementary volumes, one can derive various models for describing the radiation regime of plant stands. For example, in the turbid medium models, the vegetation canopy is treated as a gas with nondimensional planar scattering centers [Ross, 1981] . Alternately, modeling plants or trees in a stand as geometrical objects (cones, ellipsoids, etc.) leads to a family of geometrical-optical models [Nilson, 1977; Li and Strahler, 1986] . There are also hybrid canopy radiation models which incorporate features of both these approaches [Norman and base plot, selected for this study, was a 40 m by 40 m plot containing 297 trees (tree density of 1856 trees per hectare) and located on the south slope. The diameters of the tree trunks varied from 6 to 28 cm. The stand is rather dense but with some local gaps. Tree locations were mapped [Kranigk et al., 1994] , and total height, height-to-crown base, and crown widths were measured on all trees in this stand.
The trees were divided into five classes with respect to the stem diameter. A model of a Norway spruce based on fractal geometry [Kranigk and Gravenhorst, 1993] was then used to build a representative tree in each class. The computer-generated base plot is shown in Figure 1 . In the framework of an earlier project, 10 Norway spruce trees near the base plot were cut in 1989 and a data bank on measured crown morphology was assembled [Gruber et al., 1992] . These data were used to validate the architectural and morphological properties of our tree models. A good agreement between measured and simulated tree morphology was reported previously [Kranigk et al., 1994 ]. Thus we idealize our base plot as a forest canopy consisting of 297 fractal trees (Figure 1 ). This model of plant stand is used to generate a three-dimensional distribution of photosynthetically active radiation and canopy photosynthesis. A good agreement between the field measurements and the simulated radiation regime at a scale at which Beer's law can be utilized were reported previously [Kranigk, 1996; Knyazikhin et al., 1997].
Basic Foliage Element
A conifer needle is taken as the basic foliage element and approximated as small cylinders. The projected needle area is used to quantify the one-side area of the phytoelements and to 
Canopy Structure and Its Approximation
To quantify the structure of canopy, we introduce an indicator function Z(r) whose value is 1, if there is a needle at the point r = (x, y, z), and 0 otherwise. The canopy structure is defined by the indicator function. We introduce a fine spatial mesh by dividing the base plot into N, nonoverlapping fine cells, ei, i = 1, 2, ..., N•, of size Ax = 4v = A z: e. We approximate the canopy structure by a piece-wise constant function Z,(r): Z,(r) = Zoe.i if r • el. Here Zoe,l is equal to 1, if there is a needle within the cell el, and 0 otherwise. It is intuitively clear that as e becomes smaller, the function Z,(r) approximates the canopy structure better. We call this function Z,(r) an approximation of canopy structure by cells of size e. In models of radiation interaction in vegetation canopies, the leaf area density distribution function uL(r) quantifies the canopy structure. Its value at a fine cell el is defined as the Figure 2 . Three-dimensional distribution of foliated cells. The canopy space is limited by the slope and a plane parallel to the slope at a height of the tallest tree. This distribution is described by the function Z•(r) whose value is 1 (a fine cell is plotted), if there is a needle in the cell around the space point r=(x,y,z), and 0 otherwise (a fine cell is not plotted). The size e of the fine cell is 0.5 m in this plot. Tending the cell size to zero, this plot converges to the one shown in Figure 1 . ratio of total one-side leaf area within this cell, A& (in m2), to the volume e: • of this cell [Ross, 1981 ] ; that is, uL(r) = ASi/d if re ei.
(1)
The total one-side leaf area A& in an infinitesimal cell is comparable to AxAy --e 2. Therefore the leaf area distribution function becomes arbitrarily large as e tends to zero. This property sets a limit to the applicability of the classical approach for characterizing the vegetation canopy structure: the cell size should be so great that leaves in it can be treated as infinitesimal planar elements. Figure 1 ). The classical transport theory, however, is not useful for predicting the radiation regime at the leaf level. To demonstrate this, we evaluate canopy photosynthesis for two values of the cell size using the classical approach. Thus we obtain the following result' the more accurately canopy structure is reproduced, the more inaccurately canopy photosynthesis is evaluated. We come to the same result when we evaluate the total PAR energy incident on leaves in the canopy. Two reasons may be given for such discrepancies. On the one hand, the number of foliage elements in an elementary volume was assumed proportional to this volume. This allows us to quantify the canopy structure in terms of leaf area density distribution function u(r) which underlies the use of Beer's law in radiation-photosynthesis calculations. On the other hand, we used this method in a canopy i n which the ET AL.' RADIATION AND PHOTOSYNTHESIS IN FRACTALS relationship between the elementary volume and the number of foliage elements in it was nonlinear (equation (4)). If the canopy structure is similar to a fractal-like medium, Beer's law cannot be applied to describe light interaction in forest canopies. An essential revision of existing modeling techniques is needed to correctly simulate such processes in forest canopies. We will attempt to do this next, when we consider radiation interaction in a medium described by the simplest fractal set, the Cantor set.
Canopy Photosynthesis Evaluated With

The Cantor Set
We consider the Cantor set that can be obtained /  II  II II,   ,   , 
Therefore if a Cantor set is iterated from an interval of length H, its total generalized length is H •. The generalized length of its portion F(s) in the interval [0, s H], 0< s< 1, of length sH is F(s) H ø (e.g., in mO). From this viewpoint, (9) has a simple
interpretation. Indeed, the nth approximation of our Cantor set (e.g., shown in Figure 6 ) consists of Cantor subsets iterated from subintervals [Sl-l,Si), each of them of length As. Equation (9) shows that the generalized length of the whole Cantor set is the sum of the generalized lengths of these Cantor subsets. The result formulated in terms of (9) can now be utilized to specify a distribution function of fractal-like sets, other than the Cantor set, for example, of the fractal sets shown in Thus the Hausdorf integration technique gives us a possibility to express canopy structure both quantitatively and qualitatively. Note that we have outlined this approach without precise mathematical argumentation. It refers, for example, to (12); in the general case the fractal dimension of a fractal set bounded by the domain V may differ from one derived from (11) and hence F(V,D) may not be a meaningful function. The problem of specifying a strict mathematical description of the whole approach and of incorporating it into a particular research theme is the topic of another investigation.
Radiative Transfer and Photosynthesis in Turbid and Fractal Media
We consider the following model of fractal canopy organization: The canopy space is a parallelepiped of height H (in meters) and basal area cr (in square meters). The canopy consists of horizontal planes with optically black, flat linear elements, horizontally oriented and uniformly distributed. The leaf area density of planes (the total one-side leaf area in the plane per unit plane area) is assumed constant. Further, there are no leaves in between these planes. Two different patterns of vertical distribution of the planes will be analyzed here.
Let the canopy be illuminated from above by a beam perpendicular to the horizontal plane h = 0 (Figure 8) . We assume no mutual shading between leaves when viewed along the beam path. Average radiation attenuation along the beam path can be described by the following differential equation:
where I(h) is the intensity of the light beam at the depth h; S(h) is the cumulative leaf area index at h (total one-side leaf area above h per unit ground area, dimensionless), and I0 is the intensity of incident radiation. Its solution is l(h) : Io exp(-S(h)).
Assuming an invariant photosynthetic response Pleat of a foliage surface element as well as taking into account (15) and ( 
Summary
The architecture of a vegetation canopy is the most important factor determining the canopy radiation regime. All canopy radiation models therefore require the probability distribution function of leaf area in order to specify statistical features of canopy architecture. In probability theory [Kolmogorov, 1950] Previous canopy radiation models used the first and second components to describe the structure of vegetation canopies which allows us to mathematically express radiation attenuation by Beer's law. This predetermines the scale at which it provides an adequate prediction. This is the landscape scale, which can account for spatial distribution of trees, tree shape, the mean vertical or/and horizontal distributions of foliage within crowns, clumping, and mean leaf size, but which ignores small-scale structural features of canopy organization. In the present paper, we considered examples of fractal-like canopy organizations, in which the spatial distribution of phytoelements is described by singular probability 
